We rewrite the 1+1 Dirac equation in light cone coordinates in two significant forms, and solve them exactly using the classical calculus of nite di erences. The complex form yields Feynman's Checkerboard"|a weighted sum over lattice paths. The rational, real form can also be interpreted in terms of bit-strings.
Introduction
In this paper we give explicit solutions to the Dirac equation for 1+1 space-time. These solutions are valid for discrete physics 1 using the calculus of nite di erences, and they have as limiting values solutions to the Dirac equation using in nitesimal calculus. We nd that the discrete solutions can be directly interpreted in terms of sums over lattice paths in discrete space-time. We document the relationship of this lattice-path with the checkerboard model of Richard Feynman 2 . Here we see how his model leads directly to an exact solution to the Dirac equation in discrete physics and thence to an exact continuum solution by taking a limit. This simpli es previous approaches to the Feynman checkerboard 3, 4 .
We also interpret these solutions in terms of choice sequences bit-strings and we show h o w the elementary combinatorics of i = p ,1 as an operator on ordered pairs i a; b = , b; a informs the discrete physics. In this way w e see how solutions to the Dirac equation can be built using only bit-strings, and no complex numbers. Nevertheless the patterns of composition of i inform the inevitable structure of negative case counting 5, 6 needed to build these solutions.
The paper is organized as follows. Section 2 reviews the Dirac equation and expresses two v ersions denoted RI, RII in light cone coordinates. The two v ersions depend upon two distinct representations of the Dirac algebra. Section 3 reviews basic facts about the discrete calculus and gives the promised solutions to the Dirac equation. Section 4 interprets these solutions in terms of lattice paths, Feynman checkerboard and bit-strings. Section 5 discusses the meaning of these results in the light of the relationship between continuum and discrete physics. We shall be interested in 2 2 matrix representations of the Dirac algebra 2 = 2 = 1 , + = 0 . In fact we shall study two speci c representations of the algebra. We shall call these representations RI and RII. @r . I n a n y case, we shall refer to Eq. 9 as the RI Dirac Equation Now, let us apply the same consideration to the second representation RII. The We shall call Eq. 13 the RII Dirac equation.
Discrete Calculus and Solutions to the Dirac Equation
Suppose that f = fx is a function of a variable x. Let be a xed non-zero constant. The discrete derivative o f f with respect to is then de ned by the equation
Consider the function x n = xx , x , 2 x , n , 1 :
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Lemma. D x n = nx n,1 : 16 Proof. x + n , x n = x + xx , x , n , 2 , xx , x , n , 2x , n , 1 = x + , x , n , 1 x n,1 = nx n,1 :
Thus D x n = nx n,1 = nx n,1 : 17
We are indebted to Eddie Grey for reminding us of this fact 8 . Note that as approaches zero x n approaches x n , the usual n th power of x. Note also that x n n n! = C x= n 18 where C z n = zz , 1 z , n + 1 n ! 19 is a generalized binomial coe cient. Thus x n n! = C x= n : 20
With this formalism in hand, we can express functions whose combination will yield solutions to discrete versions of the RI and RII Dirac equations described in the previous section. After describing these solutions, we shall interpret them as sums over lattice paths.
To this end, let @ =@r and @ =@`denote discrete partial derivatives with respect to variables r and`. T h us @ f @r = fr+ ; ,f r ; ; @ f @`= fr;+ , f r ; : 21
De ne the following functions of r and
Note that as ! 0, these functions approach the limits: We can now produce solutions to both the RI and the RII Dirac equations. For RI, we shall require @ 1 @`= 2 ; @ 2 @r =, 1 : 25
We shall omit writing the 's in those equations, since all these calculations take the same form independent of the choice of . Of course for nite and integral r=, = these series produce discrete calculus solutions to the equations. In the next section we consider the lattice path interpretations of these solutions.
Lattice Paths
In this section we i n terpret the discrete solutions of the Dirac equation given in the previous section in terms of counting lattice paths. As we h a v e remarked in the previous section, the solutions are built from the functions 0 , R and L . These functions are nite sums when r= and`= are positive i n tegers, and we can rewrite them in the form We are thinking of r and`as the light cone coordinates r = 1 2 t + x,`= 1 2 t , x. Hence, in a standard diagram for Minkowski space-time, a pair of values r; determines a rectangle with sides of length`and r on the left and right pointing light cones. We take the speed of light c = 1. This is shown in Figure. 1. Clearly, the simplest way to think about this combinatorics is to take = 1 . I f w e wish to think about the usual continuum limit, then we shall x values of r andà nd choose small but such that r= and`= are integers. The combinatorics of an r`rectangle with integers r and`is no di erent in principle than the combinatorics of an r= `= rectangle with integers r= and`=. Accordingly, w e shall take = 1 for the rest of this discussion, and then make occasional comments to connect this with the general case. Finally, for thinking about the combinatorics of the r `rectangle, it is useful to view it turned by 4 5 o from its light-cone con guration. This is shown in Fig. 2 . We shall consider lattice paths on the r `rectangle from A = 0 ; 0 to B = r ; . Each step in such a path consists in an increment of either the rst or the second light cone coordinate. The particle" makes a series of left or right" choices to get from A to B. In counting the lattice paths we shall represent left and right by L R 8131A2 Left is vertical in the rotated representation. Now notice that a lattice path has two t ypes of corners: RL and LR 8131A3 3-96 We can count RL corners by the point on the L axis where the path increments. We can count LR corners by the point on the R axis where the path increments. A lattice path is then determined by a c hoice of points from the L and R axes. More speci cally, there are paths that begin in R go right rst and end in L, begin in L and end in R, begin in L and end in L, begin in R and end in R. We call these paths of type RL, LR, LL and RR respectively. Note that a RL corner is a two-step path of type RL and that an LR corner is a two step path of type LR. It is easy to see that an RL path involves k points from the R axis and k + 1 points from the L axis, an LR path involves k + 1 points from the R axis and k points from the L axis, while an LL or RR path involves the choice of k points from each axis. See Figure 3 for examples. From the point of view of the solution to the RI Dirac equation 1 = 0 , L , 2 = 0 + R i t i s a n i n teresting puzzle in discrete physics to understand the nature of the negative case counting that is entailed in the solution. An attempt has been made by one of us to interpret this in terms of spin or particle number conservation in the presence of random electromagnetic uctuations producing the paths 9 . The signs do not appear to come from local considerations along the path. As the particle moves from corner to corner its pre-spinor is operated on by i. There is a combination of one sign change and one change in order. The total sign change from the beginning of the path to the end documents the positivity or negativity o f the count. as is discussed elsewhere 11, 12 . A choice sequence such a s
has corners" wherever R meets L or L meets R. We h a v e c haracterized these corners into two t ypes RL and LR:
We then enumerate the choice sequences in terms of lattice paths in Minkowski space and the solutions to the Dirac equation emerge, along with a precursor to spin and the role of i = p ,1 in quantum mechanics. We h a v e shown exactly how this point of view interfaces with Feynman's Checkerboard. Corners in the bit-string sequence alternate from RL to LR and from LR to RL. The moral of Feynman's ,i c where c is the number of corners is that this alteration should be regarded as an elementary rotation:
One may w onder, why does this simple combinatorics occur in a level so close to the making of one distinction, and yet implicate fully the solutions to the Dirac equation in continuum 1+1 physics?! We cannot begin to answer such a question except with another question: If you believe that simple combinatorial principles underlie not only physics and physical law, but the generation of space-time herself, then these principles remain to be discovered. What are they? What are these principles? It is no surprise to the mathematician that i ends up as central to the quest. For i is a strange amphibian not only neither 1 nor ,1, i is neither discrete nor continuous, not algebra, not geometry, but a communicator of both. In this essay w e h a v e seen the beginning of a true connection of discrete and continuum physics.
The continuum version of our theory merges the paths on the lattice to a sum over all possible paths on an in nitely divided rectangle in Minkowski space-time. k+1! , R = 1 k =0 ,1 k r k+1 k+1!`k k! . Here we h a v e a glimpse of the possibilities inherent in a complete story of discrete physics and its continuum limit. The continuum limit will be seen as a summary of the real physics. It is a way t o view, through the glass darkly, the crystalline reality of simple quantum choice.
